Abstract. It is shown that if two hyperbolic polynomials have a particular factorization into quadratics, then their roots satisfy a power majorization relation whenever key coefficients in their factorizations satisfy a corresponding majorization relation. In particular, a numerical observation by Klemeš [5] is confirmed.
Introduction
Let x = (x 1 , . . . , x n ) and y = (y 1 , . . . , y n ) be two n-tuples of real numbers. We recall ( [6, Chapter 1] ) that x is said to be majorized by y if the sum of k largest entries of x is less or equal to the sum of k largest entries of y, where k ranges from 1 to n − 1, and equality holds at k = n. There are several useful characterizations of majorization, perhaps the most famous one is due to Hardy, Littlewood and Pólya [6, p. 156] which says that x is majorized by y if and only if
for every convex function ϕ.
Mainly motivated by the study of l p -means, for two n-tuples of positive real numbers, we say that x is power majorized by y provided that
whenever p ≥ 1, with reversal of the inequality sign when 0 < p < 1.
Clearly, majorization implies power majorization. But the converse is not true. The first example illustrating the difference between majorization and power majorization was given in [1] . Unlike the rich theory on the majorization relation, little is known about power majorization. Indeed, it is in general difficult to determine whether one vector is power majorized by another. Our investigation in this paper stems from the following example.
Suppose that one is interested in comparing the l p norms of the eigenvalues x = (x 1 , . . . , x 4 ) and y = (y 1 , . . . , y 4 ) respectively of the 4 × 4 matrices X and Y defined by X = AA T , Y = BB T , where
On numerical evidence, it was suggested in [5] that y is power majorized by x. The author of [5] asked for an enlightening proof or disproof. We confirm this numerical guess. A simple calculation gives
and their characteristic polyonmials
It can be shown that in this example y is not majorized by x (as the sum of the two largest entries of y is larger than the sum of the two largest entries of x). We observe that in the above two factors of P (t) and Q(t), the coefficients of t satisfy a majorization relation. More precisely, (6, 3) is majorized by (7, 2) . This simple observation hints at the statement of our main result.
Main Result
A hyperbolic polynomial is a polynomial whose roots are all real. We refer the interested reader to the classical text [7] on the roots of hyperbolic polynomials. Our main result is the following theorem, which gives a condition for power majorization between the roots of two hyperbolic polynomials having a certain factorization. We remark that relevant studies on the majorization relation between the roots of hyperbolic polynomials (the so called spectral order) are given in [2, 3, 4, 8] .
Let x = (x 1 , . . . , x 2n ) and y = (y 1 , . . . , y 2n ) be the vectors of the roots of P (t) and Q(t), respectively. If v is majorized by u, then y is power majorized by x.
We need some basic facts about Schur-convex functions ([6, p. 80]). A real-valued function ϕ defined on a set A ⊂ R n is said to be Schur-convex on A if for every x, y ∈ A, y being majorized by x implies ϕ(x) ≥ ϕ(y). We say ϕ is Schur-concave if −ϕ is Schur-convex.
Let I ⊂ R be an open interval and let ϕ : I n → R be continuously differentiable. The well-known Schur condition ([6, p. 84]) says that ϕ is Schur-convex on I n if and only if ϕ is symmetric on I n and
Proof of Theorem 2.1. The roots of P (t) are u i ± u 2 i − 1, i = 1, . . . , n and the roots of Q(t) are v i ± v 2 i − 1, i = 1, . . . , n. We need to show that for any fixed p ≥ 1,
and that the inequality reverses for 0 < p < 1.
This would follow if one could show
where u ∈ [1, ∞) n , is Schur convex for p ≥ 1 and is Schur concave for 0 < p < 1.
Assume first that p ≥ 1. Clearly, ϕ(u) is symmetric; by Schur's condition, it remains to show that
